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The use of oblique angle ultrasonic measurements for determination of 
anisotropic material elastic constants has been considered for a number of 
years[I-8] (ref. [1-8] are just a sample). Renewed interest in this approach is 
occurring because of the use of anisotropic composite materials [3-5]. However, 
some of the early works do not indicate a way to take into account the fact 
that the energy and phase vector, in general, do not coincide for anisotropic 
materials[I,2]. The energy and phase vector coincide for certain directions, 
such as symmetry planes. By restricting oblique angle ultrasonic measurements 
to these planes, certain elastic constants can be obtained[4,5]. 
Recently, it has been shown that, in general, the time of flight along the 
energy and phase paths are equivalent for fluid immersed, through-transmission 
measurements [8] . This is true regardless of the material symmetry class, even 
triclinic. The only restrictions are that the sample have a 'parallel plate' 
geometry and that a monochromatic beam be used. These results have been 
verified and extended for certain cases in pulse-echo by Kline, et. al. [9] 
The present paper describes how oblique angle of incidence ultrasonic velocity 
measurements can be analyzed to obtain the elastic constants for orthotropic 
(orthorhombic) materials. The analysis is verified in a 'closed-loop' manner, 
using computer generated data. Random error is also considered in the 
verification. A companion paper describes experimental measurements with 
details of how the time of flight measurements are analyzed to obtain the 
velocity and propagation direction information [10]. 
ANALYSIS 
The elastic wave equation in an anisotropic bulk material can be written as 
( Q2 U l ) .. C. 'kl ~ = pUi 1) uxjuXk (1) 
where Cijk1 are the elastic constants, ui are the particle displacements and 
p the density. Assuming a plane wave solution of the form 
u i = Aiexp[i(knrxr-Olt)] and substituting into the equation of motion, 
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Christoffels equation (r, -pvLa, lU k = 0 may be obtained, where the 
Christoffel stiffnesses ir\ f ik ~kf = C i 'kl n ,n I and Ii ik is the Kronecker 
d I 'h b' h d' . ,J J , eta, Wlt nj elng t e lrectlon COSlnes. For non-zero dlsplacements we 
must have 
o. (2) 
Substituting V for pv2 , and evaluating the determinant we have 
(3) 
where al' a2 and a3 are tr (f), tr 2 (f) and Ifl, respectively and where 
tr2 (r) is the trace of the matrix of minor determinants of r. Equation 3 
is the characteristic polynomial of Eq. 2. The phase velocities can be 
obtained by taking the cube root of Eq. 3. [11] This solution provides 
general analytic closed-form expressions for the three phase velocities at 
any angle within an anisotropic material. The general closed-form solutions 
for the phase velocities are 
2 V6 Y a j 
pv j =2r cos('3)-3" 
2 V6 Y ~ a j pV2=2r cos('3+atan..;3)-3" 
where al has been defined earlier and rand yare functions of the elastic 
constants and direction cosines as given in [11], 
(4 ) 
Since the general analytic expressions for the phase velocities are known as 
a function of the direction cosines and the elastic constants, the elastic 
constants can obtained from an inversion routine based on an over determined 
Newton-Rhapson method. However, this turns out to be extremely difficult for 
two reasons: the complexity of the analytic functions and the need to know what 
velocity data 'belongs' to what solution, in other words it is necessary to 
know, a priori, what data is from the quasi-longitudinal mode and also 
differentiate the two quasi-shear wave data. A much easier route, that 
eliminates both of these difficulties, is to use the characteristic polynomial 
in the inversion routine. All three phase velocities are solutions to the 
characteristic polynomial. The characteristic polynomial is a function of both 
the direction cosines and elastic constants and it is much easier to use in 
the Newton-Rhapson method. In addition, since all three phase velocities are 
solutions to the polynomial, it is not necessary to keep track of or determine 
which wave mode is being measured when using the characteristic equation in 
the inversion routine. 
OVER DETERMINED NEWTON-RHAPSON METHOD 
The inversion routine used in this work is based on the Newton-Rhapson 
method presented by Sanford et. al. [12] A Taylor expansion is done on the 
analytic function (in this case, the characteristic polynomial) as shown in 
Eq. 5, 
[f] [a] [~Kl (5) 
where l F, (0,. +, ) 1 
r"J 
F 2 (e2, «1>2 ) ~K2 
If] I~K] 




dF 1 dF 1 dF 1 
dK 1 dK 2 ~ 
dF 2 dF 2 dF 2 
[a) 
dK 1 dK 2 dKn (7 ) 
dFm dFm dFm 
dK 1 dK 2 aK 
and for the orthorhombic case, where n=9, K1, K2, ... K9 are the elastic 
constants Cll' C22 ' C33 ' C44 ' Css , C66 ' C12 ' Cl3 and C23' respectively (contracted 
notation). The value of n is 9 for the present case. The function F m (Kn , 9m, G>m) 
is the characteristic polynomial as a function of the elastic constants and 
direction cosines (in spherical polar coordinates) for m different directions 
(9,$), where m>n. The correction terms for the least-squares minimization are 
found by 
[d) [a)T[F) 
[ei) = [ii) [~K) 
[ii) = [a)T [a) 
where the correction terms, [~K), are 
The correction terms must approach zero for the method to converge. The 
solution for the determined condition would require m equations for n 
unknowns where m=n, the over determined condition is where m>n. 
Orthorhombic materials have 9 independent elastic constants (n=9). We have 
chosen m=27 for this case. The number of equations (data sets) necessary 
for a solution must therefore be equal to or greater than 27 
(8 ) 
(9) 
Closed-loop proof tests were performed to test the inversion analysis. Data 
was generated using Eq. 4,using published values for the elastic 
constants[12] or from data obtained by contact techniques, for 100 random 
angles (both 9 and ~ were chosen at random). From the 100 data sets, a 
group of 27 data sets were chosen at random and a random error was added to 
both the velocity and angular quantities (direction cosines) to simulate 
experimental errors. An initial 'guess' was used to start the iteration 
procedure. If the initial guess was reasonable, the procedure would 
converge. However, convergence is not guaranteed for this method. The 
computer program that was developed permitted additional groups of 27 data 
sets to be randomly selected and the procedure repeated a number of times. 
The values of the elastic constants obtained from each procedure could then 
be averaged to improve the final results. 
Table I presents results for the closed-loop test for cubic spinel, [100] 
orientation. The cubic case is a subset of the orthorhombic case. There are 
only 3 independent elastic constants for a cubic material. The input values 
for the elastic constants of spinel were obtained by contact measurements 
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Table I. Reconstructed elastic constants (lOll dyne/cm2) obtained from 
the inversion routine. The material is spinel, cubic, [100] 
orientation. 
Random error (maximum) 
Elastic 
constant 0% & 00 0% & 2 0 2% & 00 2% & 2 0 
Cll 28.70 26.68 27.25 29.43 
C12 15.85 16.80 14.65 15.91 
C13 15.85 15.33 15.34 15.91 
C22 28.70 28.63 28.01 28.61 
C23 15.85 15.67 15.72 13.85 
C33 28.70 28.51 29.58 29.76 
C44 15.45 15.46 15.00 16.88 
Css 15.45 16.96 14.82 13.76 
C66 15.45 15.00 16.26 14.45 
using a specimen having the [110] direction as the face normal. Using the 
general solution, 100 data sets were generated from which a random group of 
27 data sets were chosen. Averaging was not used in the results shown in 
the Table I. With no random errors added to the velocities or direction 
cosines, the method rapidly converged to the input values of the elastic 
constants for initial guesses of the order of magnitude of the input 
elastic constants. If, for example, the elastic constants were of the order 
of 10, good initial guesses for all 9 of the elastic constants were: 1, 10, 
20 or 30, etc. (all 9 were given the same initial value). The results shown 
in Table I also include various cases of simulated random errors. 
Combinations of 2% error in velocity and 2 degrees in both e and ~ were 
added to the generated data for the examples shown in Tables I through III. 
These errors were assumed to be of reasonable magnitude for probable 
experimental errors. Only a single iteration-to-convergence was used (no 
averaging) in each case. In the case of no error, only 8 iteration steps 
were required to reach 8 place accuracy in the 'reconstructed' elastic 
constants. 
By applying a coordinate transformation to the elastic constants for cubic 
spinel ([100J orientation), the elastic constants were obtained for a [l10J 
orientation. The [110J orientation gives the 'appearance', to the 
propagating wave, as if it were impinging on a tetragonal material (having 
6 independent elastic constants) instead of a cubic material. Tetragonal is 
also a sub-group of orthorhombic, orthorhombic having less symmetry. The 
results for this case (tetragonal) are presented in Table II. The closed-
loop tests were performed in the same manner as described previously for 
the cubic case. Again, in the case of no error, only 8 iteration steps were 
required to reach 8 place accuracy in the 'reconstructed' elastic 
constants. Part of the reasoning behind proof testing the tetragonal 
symmetry case with a 'rotated' cubic material is to demonstrate the 
importance of the sample orientation. 
The values presented in Table III are for a truly orthorhombic material, 
alpha-uranium. There are nine independent elastic constants for alpha-
uranium. The values for the elastic constant were obtained from the 
literature[12J. The closed-loop tests were performed in the same manner as 
previously described with the same type of results for no error. It can be 
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Table II. Reconstructed elastic constants (lOll dyne/cm2) obtained from 
inversion routine. The material is spinel, cubic, [110) 
orientation. This orientation makes the sample appear to 
be tetragonal. 
Random error (ma;·;imum) 
Elastic 
constant 0% & 0° 0% & 2° 2% & 0° 2% & 2° 
Cll 37.75 37.33 37.34 38.35 
C12 6.79 6.76 6.68 6.04 
C13 15.85 15.35 15.32 15.94 
C22 37.75 37.33 36.89 38.93 
C23 15.85 15.66 15.97 15.29 
C33 28.70 27.80 28.27 29.02 
C44 15.65 15.87 15.72 14.72 
C55 15.65 15.82 15.83 15.66 
C66 6.43 6.81 6.45 6.14 
seen in Table III that when there is a substantial difference in the 
magnitude of the elastic constants of a material (compare C33 to C13 ), the 
smaller constants are subject to more error, percentage wise. 
A more severe test of the inversion procedure is shown in Table IV, for 
spruce wood. The material is also orthorhombic (orthotropic), but C33 
dominates by being much larger in magnitude than the other elastic 
constants, similar to a man-made uniaxial composite. The values for the 
elastic constants were again obtained from ref. [13). All of the data in 
Table III. Reconstructed elastic constants (lOll dyne/cm2) obtained from the 
inversion routine. The material is alpha-uranium. 
Random error (maximum) 
Elastic 
constant 0% & 0° 0% & 2° 2% & 0° 2% & 2° 
Cll 21.50 21.96 20.46 20.33 
C12 4.60 3.83 4.01 5.88 
CD 2.20 3.12 3.31 4.80 
C22 19.90 19.18 19.12 20.97 
C23 10.70 12.84 10.63 12.33 
C33 26.70 27.87 26.41 22.95 
C44 12.40 10.99 12.50 10.93 
C55 7.30 6.54 7.33 7.60 
C66 7.40 8.13 7.25 7.60 
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Table IV. Reconstructed elastic constants (lOll dyne!cm2) obtained from the 
inversion routine. The material is spruce wood, orthotropic. 
Random error (maximum) 
Elastic 
constant 0% & 0° 0% & 1° .5% & 0° .2% & .2° 
C11 0.078 0.600 -0.140 0.630 
C12 0.077 0.078 0.080 0.074 
C13 0.062 -0.380 0.280 -0.380 
C22 0.044 0.500 -0.300 0.730 
C23 0.004 0.011 0.005 0.007 
C33 16.300 16.700 16.100 16.300 
C44 0.020 0.130 0.006 0.057 
C55 0.043 1.700 0.310 0.570 
C66 0.031 0.410 -0.160 0.420 
Table VI is after 20 iterations for each case. With no 'error' added to the 
data, the method converges to the input values, but even small added erroc 
causes problems. The dominant C33 term is 2 orders of magnitude greatec 
than the other elastic constants. Minor errors that occur in determinatior. 
of C33 will cause very large error in the determination of the other 
elastic constants, as can be see in the Table IV. 
SUMMARY AND CONCLUSIONS 
An analysis has been presented for determining the elastic constants of 
cubic, tetragonal (symmetry class 422 and higher) and orthorhombic 
materials from ultrasonic phase velocity measurements at oblique angles of 
incidence. The method is based on the over determined Newton-Rhapson method 
described by Sanford et. al. [12] The characteristic equation was used in 
inversion routine. Closed-loop proof tests, using computer generated 
'data', were performed for all three cases, with and without the addition 
of random errors simulating expected experimental errors. These proof tests 
demonstrate the feasibility of the inversion method. The analysis, although 
not yet demonstrated, should also work for hexagonal symmetry. 
Orthotropic symmetry is more general than tetragonal and trigonal 
symmetries (9 elastic constants for orthorhombic versus 7 for tetragonal 
and trigonal), however, the analysis is not applicable to the trigonal or 
tetragonal (class 4/m or lower) cases. The tetragonal classes lower than 
and including 4!m require that C16 and C25 be included in the analysis. 
Similarly, the trigonal case requires that C14 , C24 , C56 and other elastic 
constants be included in the analysis, even though there are only 7 
independent elastic constants. 
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